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UNIFORMLY ELLIPTIC OPERATORS
ON RIEMANNIAN MANIFOLDS

LAURENT SALOFF-COSTE

Abstract

Given a Riemannian manifold (M, g), we study the solutions of heat
equations associated with second order differential operators in diver-
gence form that are uniformly elliptic with respect to g . Typical exam-
ples of such operators are the Laplace operators of Riemannian struc-
tures which are quasi-isometric to g . We first prove some Poincaré and
Sobolev inequalities on geodesic balls. Then we use Moser’s iteration to
obtain Harnack inequalities. Gaussian estimates, uniqueness theorems,
and other applications are also discussed. These results involve local or
global lower bound hypotheses on the Ricci curvature of g. Some of
them are new even when applied to the Laplace operator of (M, g).

1. Introduction

Let (M, g) be a complete Riemannian manifold. In this paper, we
study some second-order differential operators which are to g what uni-
formly elliptic operators in divergence form are to the Euclidean metric on
R” . The simplest example of such an operator is the Laplace-Beltrami op-
erator A associated with g . Under lower bound hypotheses on the Ricci
curvature, Li and Yau have obtained definitive results concerning A and
the corresponding heat equation. By rather elementary means, they proved
in [28] a remarkable gradient estimate which implies parabolic Harnack
inequalities as well as upper and lower Gaussian bounds for the kernel
of the heat flow semigroup e ™. In fact, the parabolic gradient estimate
of Li-Yau is a generalization of previous elliptic results by Yau [43] and
Cheng-Yau [10]. One important aspect of these works is that they give
global estimates when the Ricci curvature is nonnegative on M . This is
well illustrated by a well-known result of Yau who proved in [43] that any
manifold (M, g) with nonnegative Ricci curvature has the strong Liou-
ville property (i.e., any positive harmonic function on (M, g) is constant).

Let us now introduce a typical example of the operators studied in this
paper. Let A be the Laplacian associated with another metric § on M
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such that, for some a > 1,

o 'z<g<az.
The point is that we want to study A under lower bound hypotheses on the
Ricci curvature of the fixed metric g . This means that we have no control
on the Ricci curvature of g, and consequently, that the methods of [28] do
not apply. However, we are going to prove_ parabolic Harnack inequalities
for the solutions of the heat equation (9,+A)u = 0 and Gaussian estimates

for the kernel of the semigroup e~"®. These results are global when the

Ricci curvature of g is nonnegative on M . For instance, we prove that
(M, 2) has the strong Liouville property for any g as above whenever g
has nonnegative Ricci curvature. This extends Yau’s result. It is known
that, in general, the (strong) Liouville property is not stable under such
quasi-isometric changes of metrics (see [30]).

The point of view adopted in this paper is to consider Aasa uniformly
elliptic, divergence form operator with respect to g. In R”, a divergence
form operator L (of the simplest kind) is a second order differential op-
erator of the type

n
- > 84, 0, a4 ;=4 ;>
i,j=1

and it is uniformly elliptic if the matrix-valued function (a; j(t , X)) sat-
isfies for some o > 1 and forall xeR", £ eR", teR,

Z a; (t, )&, < alg]”.

i,j=1
The study of the parabolic equation (8, + L)u = 0 has a long history
marked by works of Nash [34], Moser [31]-[33], Aronson [4], and others.
The Liouville property is proved in [31], the parabolic Harnack inequality
in [32], [33], and Gaussian bounds in [4]. The pioneering work of Nash
[34] contains ideas that also lead to these results (see [18]). Our approach
in this paper is to use Moser’s method, which clearly extends quite gen-
erally as soon as its basic ingredients are available. These ingredients are
some precise Sobolev and Poincaré inequalities on balls.

The main contribution of this paper is to remark that the gradient es-
timates of Yau and his collaborators imply some Sobolev and Poincaré
inequalities on balls which are good enough to run Moser’s method in an
optimal way. On the one hand, this should come as no surprise. Li-Yau’s
paper [28], as well as previous works by Yau and others, have made clear
that a lower bound hypothesis on the Ricci curvature provides enough
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information to develop an analysis on (M, g). On the other hand, previ-
ous attempts to use Moser’s method in this setting, as in [9] and [8], have
not yielded optimal resuits.

The results in [9] and [8] depend only on the part of Moser’s method
that deals with upper bounds and uses the Sobolev inequality. They are not
sharp because they rest on a nonsharp Sobolev inequality which follows
from the work of Croke [11]. What seems to have been missing at that
time, and is now available thanks to the work of Varopoulos [40], is the
understanding of the links between Sobolev inequalities and semigroup
estimates. Indeed, using Varopoulos results, we show that optimal Sobolev
inequalities on balls can easily be obtained from the gradient estimate of
Cheng-Yau (which goes back to 1975).

Roughly speaking, the Poincaré inequality enters Moser’s method in
order to obtain lower bounds on positive solutions. When dealing with
elliptic equations, a classical Poincaré inequality on balls is needed. In our
setting, such an inequality has been obtained by Buser in [7]. However, if
we insist on treating parabolic equations as well, a more involved variation
on Poincaré inequality is needed (see [32]). As in [36], we show that the
relevant inequality follows from the classical one by adapting an idea of
Jerison [21].

The content of this paper can be seen from different points of view.
The Sobolev and Poincaré inequalities presented in §3 and proved in §§9
and 10 are of independent interest. In §4 we introduce a natural class
of uniformly elliptic divergence form operators, and in §5 we state the
powerful Harnack-Moser inequalities which follow from the Sobolev and
Poincaré inequalities and Moser iteration. §§6, 7, and 8 present applica-
tions of Harnack-Moser inequalities. Some of the results obtained in §§7
and 8 improve upon previous ones even when applied to the Laplace op-
erator A on (M, g). Notation is introduced in §2, where we recall some
well-known volume estimates that play a basic part in this work as well as
the gradient inequality of Cheng-Yau which is used in the proof of Sobolev
inequalities.

Some of the results presented in this paper have been announced in
[35], where a special emphasis is placed on the case when (M, g) has
nonnegative Ricci curvature.

2. Preliminaries

Here we present the notation used in this paper. Denote by V f the gra-
dient induced by the fixed metric g on M, and set |V f |2 =g(Vf,Vf).
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Let A be the Laplace-Beltrami operator on (M, g) with the conven-
tion that (Af, f) = [|Vf I>dv, where v is the Riemannian volume,
and (f), f,) = [ f,f,dv. In other words, A is a positive operator on
L2(M , dv). The operator A can be written as Af = —div(Vf) where
div(X) is defined, for any vector field X, by [ X fdv=— [ fdiv(X)dv.

Denote by T, the tangent space at x and by 7, the tangent bundle.
We denote by End(T,,) and Sym(T,,) the bundle of endomorphisms and
the bundle of symmetric endomorphisms, respectively, over M . Also let
Ric be the Ricci curvature tensor of g.

Let p be the Riemannian distance on M . Given a ball B = B(x, r),
we denote by V(x, r} =V =v(B) its volume, and by sB = B(x, st} the
concentric ball with radius sr. We define K = K(B) = K(x, r) to be the
smallest nonnegative number such that Ric > —Kg in 2B = B(x, 2r).
Note that K is a lower bound of the Ricci curvature in 2B instead of
B . However, the number 2 has been chosen for convenience and can be
replaced by any fixed number strictly greater than 1.

Among the basic tools used in this paper are classical volume estimates
which we now recall. Let V (r) be the volume of the ball of radius r
in the simply connected space with constant sectional curvature equal to
—a/(n—1). In the sequel a = K is a nonnegative number, and the above
space is a hyperbolic space if a > 0 and the Euclidean space if a =0. In
any case, we have

w.s" <V(s)<w,s"exp n— las), s>0,a>0,
h a n

where @, is the volume of the Euclidean ball of radiusbone. For any ball
B =B(x,r)c M it is well known that we have (see [8])

V(x,s)/V(x,s) <Ve(s)/Vi(s), 0<s <s<2r
From the above, we deduce
(1) V(x,s) < w,s" exp(y/(n—1)Ks), 0<s<2r,
iand
(2) V(x,s)<V(x,s)s/s) exp(/(n — )Ks), 0<s <s<2r,
which implies, for 0 < s’ < s <r, y € B, and setting p(x, y)=p,
(3) V(y,s)<V(x,s)(p+s)/s)" exp(v/(n = DK(p +5)).

These estimates are used again and again in this paper.
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We now recall the basic gradient estimate on which this work rests. In
[43], Yau proved that any positive solution u# of Au = 0 on a manifold
M with Ricci curvature bounded from below by —K satisfies

|[VIn(u)| < +/(n—1)K.
In [10], Cheng and Yau proved a local version which reads as follows. Fix

0 < d < 1. There exists a constant C depending only on » and J such
that any positive solution # of Au=0 in 2B = B(x, 2r) C M satisfies

(4) |Vin(w)| < C(r"' +VK) in26B.

Integrating along minimal paths, an elliptic Harnack inequality can be
obtained. Namely, any u as above satisfies

w(z)juy) < eV 2y e 26B.

In [28], Li and Yau generalized the above to the parabolic equation
(0, + 6)u = 0. However, we will only need the elliptic version.

Let H, = ¢ ™ be the heat flow semigroup on A/, and let h, be its

—tvA

kernel. We consider also the Poisson semigroup P, = e which can be

obtained from H, through the subordination formula

1 [* 2 -
(5) Pt=\/—5/0 s Hads, 1> 0.

We denote the kernel of P, by p,. The following estimates are easy
consequences of the Cheng-Yau inequality.
Lemma 2.1. For any ball B = B(x,r), the kernels p, and h, satisfy

p(x,x), ha(x, x) < pCUHVED [ —1

2

where C depends only on n .
Note that the upper bound on 4, which follows from [28] reads

2
ha(x, x) < PRl 2
In order to obtain the improved estimate stated in the lemma, we remark
that &,(x, x) is a decreasing function of /. Hence, using (5) we have

p,(x, x)> \—/I—E/ s_l/ze_shrz/s(x, x)ds > cha(x, x),
1

and the upper estimate of /. follows from the upper estimate of p,. Note
that corresponding lower bounds hold as well (however, the lower bound

for h. is of the form e_C(HK'Z)V—I). Lemma 2.1 will be used in §10

where various Sobolev inequalities are proved.
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3. Sobolev and Poincaré inequalities on balls

The role played by Sobolev and Poincaré inequalities in analysis and
geometry is well known and a fair amount of work has been devoted to
their study. All the results in this paper rest on versions of these inequali-
ties given by Theorems 3.1 and 3.2 below. The proofs of these inequalities
are given in §§9 and 10. We start by reviewing some known inequalities
which are closely related to the ones obtained in this paper.

Given a compact manifold A it is not very difficult to see that
there exist P(M) and S(M) such that ||f — f,, > < P(M)|Vf|; and

- fMlliq dv < S(M)||Vf||§ dv for f € &7(M), where ¢ = n/(n—2)
(for simplicity we suppose here that n > 2). Note that P(M) can
always be estimated by P(M) < V(M) VIS(M) = V(M) S(M)
(here, V(M) denotes the volume of M). What is more difficult, but
by now well known, is that P(M) and S(M) can be estimated in terms
of the diameter d = d(M), the volume V = V(M), and a lower bound
—K (K > 0) of the Ricci curvature. Namely, it was proved by Li and

Yau in [27] that P(M) < eSO+YEDg2  and by S. Gallot in [19] that

S(M) < eC"(”‘/I?d)sz_z/ " . Apart from the dimensional constants, these
estimates are sharp.

Now, let B = B(x, r) be a ball in a complete manifold M . In view of
the above, it is natural to conjecture that

©  [1r-fpldv <SR [1vptan, e,
B JB
and
(7) / If — £ dv < eC”(H‘/I?')rZV—Z/"/ Vfrdv, fe®&™(B),
B B )

where, according to our notation, K = K(B) > 0 is such that Ric > —Kg
in 2B, and V is the volume of B. Indeed, (6) has been proved by P.
Buser in [7]. In this paper, we offer a generalization (Theorem 3.2) of (6)
which plays an important role in the study of parabolic equations. We also
obtain (Theorem 3.1) a slightly weakened version of (7) which is powerful
enough for our applications. Although it does not play a role in this paper,
it would be interesting to know whether or not (7) holds in general (we are
able to prove (7) only under the strong (and unpleasant) hypothesis that
B has convex boundary; see §10). We now state the Sobolev inequality on
which most of this paper rests.
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Theorem 3.1. For n > 2, there exists C, depending only on n, such
that for all B c M we have

(/ |f|24 dv>1/q < oCU+VED) =2 2 (/(lVf|2 N r_2|f|2)dv) ’

fe&™(B),
where q = nf/(n —2). For n < 2, the above inequality holds with n
replaced by any fixed n' > 2.

This result is weaker than (7) in two aspects. First, it does not include
any kind of Poincaré inequality. Second, it involves only functions with
compact support in B. The proof and some variations on this result
(including L? versions) are presented in §10.

We now pass to a generalization of (6). In fact, Theorem 3.1 and (6)
would be sufficient to follow the approach in [31] and study certain elliptic
differential equations on M . However, in order to study parabolic equa-
tions we need an improved version of (6) (see [32, Lemma 3, p. 120] for
a statement in R"). Let ¢ be a nonincreasing function from [0, +oo[ to
[0, 1] such that ¢(z) =0 for ¢ > 1. We assume that there existsa § > 0
such that ¢(t + (1 — 1)/2) > Be(t), 1/2 <t <1, and set, for any ball
B=B(x,r), Py =0(p(x,)/r).

Theorem 3.2. There exist C as above and qu depending only on &,
n, and ¢ such that, for any ball B C M, we have

/|f—f¢|2<bd'u < cwec“’?’ﬂ/wffwv, fe®™(B),

where ® = @, and fo, = [ f®dv/ [Pdv.
There are also L? versions of this result (see §9).

4. Uniformly elliptic operators in divergence form

In this section, we introduce the notation concerning the uniformly el-
liptic operators in divergence form which are studied in this paper. Let
us first consider the simplest example of these operators (besides A).
Namely, let A be the Laplace operator associated with a metric & such
that o' g < g £ ag. Consider the section & of Sym(7,,) defined
by 2(X,Y) = g(& 1y , Y). With some evident notation, we have
V=V, g(ZVf,V)=g(V[f,Vf),and

A=—div(Vf) = -m ' divim V),
where m = v/dets/ . Moreover, the quasi-isometry between g and g



424 LAURENT SALOFF-COSTE

implies that & and m satisfy a_1|X|2 < g¥X,X) < a|X|2 and
a—n/2 <m< an/2 .

We generalize these considerations as follows. Let 2/ be a measurable
section of End(T,,) depending on the parameter ¢. In other words, for
teR and x € M, Ja/t L is an endomorphism of T , and the function
(t, x) = (x, % ,) € End(T,,) is measurable. Let m be a positive mea-
surable function on M. We consider the operator L = L_, defined
by

(8) Lu=—m™" div(ms/ Vu).

We make the quantitative assumption that there exist a, # > 1 such that
(9) Wl<mx)<p, xeM,

and

(10)

o X < g X, X), |9 X|<alX| Vi€R,xeM,XeT,
Note that, in general, we do not assume that %/ is symmetric. However,
in the case when ./ is symmetric and independent of ¢, we will consider
the metric ¢ defined by g(X,7Y) = g(& “x, Y) and the associated
distance function j. ,

Finally, we also consider operators of the form . = L+ lower order
terms. Let 2 and %, be two vector fields on M such that the func-
tions (¢, x) — (x, 2] ,) and (¢, x) — (x, % ,) are measurable, and let
b(t, x) be a measurable function on R x M . We define .& by

Fu=-m"" divim(&' Vu+uZ)) + Zu+ bu.

On #,% and b we make the assumption that there exists f > 0 such
that

2 2
(11) 2"+ Z1" +1bl < B.
Under the uniform ellipticity hypotheses (9), (10), (11), we study the equa-
tion
(12) . (0, +Z)u=0.
We will refer to &, 2, % ,b and m as the coefficients of the above
equation (or of the operator .#°). It is one of the important features of
the results of this paper to hold for operators with measurable coefficients

satisfying the above uniform ellipticity hypotheses. When studying the so-
lutions of (12) in this generality, it is necessary to specify what “solution”
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means. The natural notion of weak solution is spelled out in [33] and [5],
and it is well known that the study of (12) in the above genrality can be
reduced to the case when additional qualitative smoothness assumptions
are made on the coeflicients of .. Hence, we do assume in all the proofs
given in this paper that m, &/ , 2°, % , and b are smooth, and that solu-
tion means classical solution. We say that u is a subsolution of (12) when
(0,+-Z)u <0, and that u is a supersolution if —u is a subsolution.

5. Harnack-Moser inequalities

We now follow the method introduced in [32] and [33] by J. Moser, and
state some Harnack inequalities for the solutions of the parabolic equation
(12). The proofs will be omitted. Note that, by following [33], one avoids
using the John-Nirenberg type lemma which is one of the difficult points
in [32]. Moser’s iteration has two steps. In the first step, mean value type
inequalities are obtained by an iterative argument. The main ingredient
is the Sobolev inequality of Theorem 3.1. Theorem 5.1 below is the basic
result of this first step: it is a powerful tool which yields the Gaussian upper
bounds of §6 and all the results discussed in §8. It will be convenient to
fix a parameter 0 < Jé < 1, and to associate with any ball B and any real
s the sets

(0] =]s—r2 ,S[xB, Qs =]s—5r2, s[xdB, Q; =]s—r2 , s—(l—é)rz[xéB,
and, for 0<e<n<d<l,
Q_:[s—érz,s—nrz]xéB, Q+=[s—sr2,s[xéB.

We also set |[u]l, , = (fo lu(t, x)IP dtdv)l/” for a function u defined in
0.

Theorem 5.1. Given 0 < p < +co, any nonnegative subsolution u of
(12) in Q satisfies

CcVK -1 P
e VK V)l o

sup{u’} < C'(1 - 5)-<2+" (1+8r’)e
Qs
for 0 < 6 < 1, where C,y > 0 depend only on n and p, whereas
C' depends also on o and u. Moreover, when 0 < p < 2, we can take
y=1+n/2, and C depends only on n (when n <2, n has to be replaced
by any fixed n' > 2).
The second step in Moser’s method is more technical. Different mean
value inequalities are put together to finally obtain the Harnack inequality
of Theorem 5.3 below. Here, the basic ingredient is the Poincaré inequality
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of Theorem 3.2, together with Theorem 5.1 and a variant of it which deals
with supersolutions. An intermediate result worth noting reads as follows.

Theorem 5.2. Let 0 < p, < 1+ n/2 be fixed. Then any nonnegative
supersolution u of (12) in Q satisfies

lully, o < (1) 7% P intu},

where F(r) = (1 + Br )3(1+"/ 2) ,CVEr , and C depends only on n, whereas
C, dependson n,a, u,e,1n,9, and Py-

From the above two results and some classical chaining arguments, we
obtain

Theorem 5.3. Any nonnegative solution u of (12) in Q satisfies

2 2
sup{u} < eC(1+ﬂr +Kr°) lélf{u} :

with C depending onlyon n,d,¢e,n,a, and u.
Corollary 5.4. If u is a positive solution of (12) in 10, T[xB, then it
satisfies

u(t', y') p2 ( 1 1) '
In| =22V <C| "+ [B+K+5+5)(t—-t
n(u(t,y))_ ((t—t') g 2ty
for 0<t <t<T and v,y € 6B, where p=p(y,y’) and C depends
onlyon n,d,a and u.

Corollary 5.5. There exist 0 < v < 1 and C, depending only on
n,a, u, and d, such that, for any solution u of (12) in Q, we have

(', ¥") —u(t, »)I < C(1L+ VB +KrY (5/r) ull o>

where p=max{\/|t — |, p(y, )} and (t,»),(f', )€ Q5.

One of the advantages of Moser’s approach is that it applies to a wide
range of equations and the above results are by no means the most general
that can be obtained. For instance, nonhomogeneous terms can be added,
and the coeflicients of the lower order terms can be taken to belong to some
L?°? classes instead of being bounded. Examples of statements of this
kind are given below. As a motivation, we mention that we will encounter
nonhomogeneous equations when studying space derivatives of the heat
kernel (see Theorem 6.5 below). We follow closely Aronson-Serrin’s paper
[5] to which we refer the reader for proofs that can be adapted to our
setting.
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For (u,t,(x,X)) € RxR x T,,, let A(u,t,x,X) € T, and
B(u,t, x, X) € R be such that
(u,t,x,X)——)(x’A)eTMﬁ
(u,t,x,X)—B

are measurable functions. We consider the equation

ou(t, x) = —mdivimA(u(t, x), t, x, Vu(t, x))}
(13) + B(u(t, x), t, x, Vu(t, x)),

where m is as before. On A and B we make the hypotheses that

(X, A, t,x, X)) 2o X —ald’ - al,

|A(u, t, x, X)| < o|X| + a4]ul +a,,
B(u,t,x, X)| <a|X{+b +b,,

where a > 1 is a constant, and the g, ’s and b, ’s are nonnegative functions
of (¢, x) that belong to some classes L7 "?(R x M) with

p>2/(1-0) and n/2p+1/q<(1~-6)/2 fortheas,
p>1/(1-6) and n/2p+1/q <(1-6) forthe b’s

for some fixed 0 < § < 1 (here, as before, p corresponds to the space
variable x and g to the time variable ). When studying the solution of
(13) in a given Q =]s — 2, s[xB we simply denote by |la;|| and ||b,|| the
norms of the a;’s and b,’s in their respective spaces L”*(Q). We also
set
N = NQ = ”azll + Ha4” + ||b2||

which corresponds to the nonhomogeneous terms in (13).

Theorem 5.6. (i) Any nonnegative subsolution u of (13) in Q =

2 .

Is —r°, s[xB satisfies

sup{u} < C'eCVE
Q

]

(V) My o+ 7" )

for 0 <8 < 1, where C depends onlyon n, but C' dependson n, a, u,d,
g, llall, llasll, llasll ||b1||, and r. Moreover, we have

r CVEKr

1/2
IVl g, < C'e

F llully o + VN

(i1) Any nonnegative solution u of (13) in Q satisfies

sup{u} < C'eCVE i(121f{u + rGN} ,
Q_ +
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where C and C' are as above, but C' depends also on the parameters &
and n which enter the definition of Q_ and Q. .

Note that Holder regularity estimates can be obtained and that the other
results given in [5] can also be adapted to our setting.

6. Fundamental solutions

The preceding results can be applied to the study of fundamental solu-
tions of (12). More precisely, let go(¢,y,¢,¥'), £ <t, y,¥ € Q, be
the minimal fundamental solution of (12} in R x Q, where Q is an open
set in M . It is the only nonnegative continuous function such that, for
any f>0 in & (Q), the function

Q.o f(t.9) = [ 4., YN0 Im0) dv(y)

is a solution of (12) in ]¢', +0o[xQ which tends to f(y) as ¢ tends to
f' and satisfies Qg ,f < u in Jf', {'[ for any nonnegative solution u
of (12) in [¢, {'[xQ such that f < u(f,-) in Q. For y,y € M and
t,C,r>0 weset

E(C,t,y,V) =V, v v, Vi P exp(-Cp (v, ¥')/0).

In this section, we prove some Gaussian estimates for the above funda-
mental solutions. Typically, these estimates involve quantities like £. We
start with our most general result.

Theorem 6.1. Let 0 < 6 < 1 be fixed and suppose that B C Q. Then
forall y,y' € 6B and £ <t <t +r* we have

e—Cl(1+(ﬂ+K)r)E(C2, ., y') < qQ(t’ v, t’, yl)

<SRBT 1,0, y),
where ©=1t—t . Moreover, forall B,=B(y,,r,)C M, i=1,2, and all
{ <t, we have

—1/2.,—1/2 2
ao(t, v, €5 vy) < V20 P exp(Cy(1+ B+ \[K 7, +1 Ky 1) -9 1 Ct).

where T =t—t, 7, = inf{z, rl.z}, V=V, VT;), P =pQ,,¥,), and the
constants Cg and C; depend only on n, a, and p, whereas C,, --- , C,
depend also on 6.

Remark that, by applying Corollary 5.5, the above can be complemented
with Hélder regularity estimates. The lower bound is a straightforward
consequence of the Harnack inequality of Theorem 5.3. The upper bound



UNIFORMLY ELLIPTIC OPERATORS ON RIEMANNIAN MANIFOLDS 429

is more involved. It follows from adapting the arguments of the proof of
Theorem 6.3 below. When (M, g) has nonnegative Ricci curvature, and
< = L has no lower order terms (i.e., 8 = 0), we obtain the following
global two-sided estimate of g,, in terms of E.

Corollary 6.2. Suppose that (M, g) has nonnegative Ricci curvature
and that B =0. Then, forall t <t, t=t—¢,andall y,y € M, we
have

-1 ; -1
ClEWC,,t,y,¥Y)<at,y,t,¥)<CEC, ,t,y,),

where the constants C,, --- , C, depend only on n, o, and u.
Note that under the hypotheses of this corollary, and if & is indepen-
dent of ¢, the above implies the two-sided estimate

+oo +oo
c! 2 Vix, \/;)'ldt <G (x,y) < C/2 Vix, \/;)—ldt
P P

for the Green function G, of L on M (when it exists) (see [28]).

We pause here to discuss a typical probabilistic application of the Gaus-
sian upper bound given by Theorem 6.1. For the purpose of this illustra-
tion, assume that there exists K >0 such that Ric > —Kg on M . Also
assume that the coefficients of L are time independent, and that 2 =0
and b = 0. Under these hypotheses, we can consider the diffusion process
X, governed by ., and the corresponding family of probability measures
{P,, x € M} on the set of continuous paths in Af. Of course, we have

P.(X, € U) = /U a,,(t, x, 0, y)m(y)dv(y)

(it will be shown in the next section that g,, has total mass one under the
above hypotheses). Fix x € M and r > 0, and consider the first time
7(x, r) at which the process X,, starting at x at t = 0, exists from the
ball B(x, r). With this notation, we have

P(t(x,r<t)< exp(CVK(r + V1) — r2/CIt), xeM,r,t>0.

To obtain this result we can argue as in [36, Lemma 3] and reduce the
proof to the estimate

/ 0,y (¢, %, 0, Y)m(y) dv(y) < exp(CVE(r + V) — 7/C'1),
{p(x,y)>r}

which is a consequence of the Gaussian upper bound of Theorem 6.1 and
of the volume estimate (3).

The Gaussian upper bounds given by Theorem 6.1 can be improved
under some additional hypotheses. Namely, let us assume that . = L
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has no lower order terms, and that % € Sym(T,,) and is independent
of t. In this case, we consider the minimal symmetric submarkovian
semigroup e~'L associated with the Dirichlet form

Dy )= [V TPMv,  feEQ).

We fix Q, and denote by ¢,(y,»") the kernel of e on LX(Q, mdv).
Of course, with our previous notation, we have g,(y, y') =4qa(t,¥,0, ).
We consider the distance j induced by the metric

gX,Y)=g& X, 7).
Also denote by
v =inf{(Lf, fm)/(f, fm), f € & ()}

the bottom of the spectrum of L on Lz(Q, mdv). Our next result im-
proves upon the upper bound given by Theorem 6.1 by taking into account
the roles of v and p. Moreover, using the L? analyticity of e L , We
extend our estimate to time derivatives of the kernel.

Theorem 6.3. Let kK € N be fixed Then there exist a constant C
depending only on n, and a constant C, depending only on n, a, p, and
k , such that, for all t >0 and B; = B(y,,r;) CQ, i=1,2, we have

latkqt(y1 , y2)| < Ck(l +l/(ll + tz))l+n/2eC(1/K1tl+1/K2t2)(VlVz)—l/2

x5+ 520" (1 + vt + 520  exp(—vit — p/41),

where t; = inf{¢, r?}, Vi=V(©;, V&), and p=py,,,).

Once more, Holder regularity estimates for 8tkqt can be deduced from
Corollary 5.5. Remark also that, when k = 0, the restriction B, C Q can
be removed since ¢, is an increasing function of Q. In another direction,
we note that the above also holds for the kernel corresponding to Neumann
boundary conditions on €. In this case, the condition B; C Q is essential
even when k& = 0. The above proof uses an idea of Davies [12] (which has
been used extensively by many authors) together with the Harnack-Moser
inequality of Theorem 5.1. This technique is a variation on an approach
used by Varopoulos in [41}.

Proof. Fix A € R and a bounded function y satisfying ﬁt//]z =
g Vy,Vy) < 1. For any nice (complex) function f, we set f (y)
eNe L7 (e f\(y) for z=se €C, s>0, |6 < le, where 0<e <
1 is a small fixed parameter. We have
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2 0 —Ay Ay
L2 = —2Re (e /g(%V(e £), Vie fz))md'u)
— _2Re (e"" / (g VS, VT,) - ey, V)L
+ UL 8 VW, VT,) = Tog( @V F, Ty)mdv)
< —2(cos @ —sin §) / gV, VI, ymdv
+24%(cos 0 + sin0)/|fz|2m dv
<2{—v(1 —g&) + (L + )}IL 13-
From this, we deduce

2 243 (1+e)—v(1—-e)t ), 2
”fz”z <e ||f||2

Applying the Cauchy formula to f, (with a circle of radius &¢/10 and
center ¢ > 0), we obtain

k k —k (P1+e)—v(1—e)t; ,12
19, flI, < Cykl(et) “e Y /115
We now introduce the function
—A 1-8)t ,k 1- k —tL, —2
ut,y)=e VeVl £ y) = 0 e e M),

where f € L? is now a real function. The function u is a solution of (0,+
L—-v(1—¢))u =0, and we apply Theorem 5.1 on Ji—nt , t{xB(y,, \/nf,),
where {; = inf{z, riz} and 0 < n < 1. This yields

2 1 2 C(1 K -1
u(t, y)IF < (L4 wne) T2V EI G vy L /aT)

T
x u .
t_'lll B(yla 7][1)

W) e get

Introducing e

22 2 2 2 2lAl\/mE+243 (1+e)t 2
MOt y P < Al 1, &) Wy () VIR )2

—k

where we have set A(k,t,¢) = Cgk!(st) , and

W 12

2 4 C(1 K 2 —
(1) = (1 4 e, ST REEVEMIRY (), )
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Taking the supremum over all f € LZ(B(yZ, V1) with [|f]l, = 1, we
obtain

eza(w(yl)—w(y:))/ lezu(l—s)tatkqg(t’ v, z)|2 dv(z)
B(y,,\/nt,)
2
<Ak, t, 8)2W1(71)2e2|'”\/ﬁ(\/7f+\/§)+21 (L)t

Again applying Theorem 5.1, this time on ¢ — #t,, {[xB(y,, \/nt,), we
get

k
18, ¢,y , ¥,)!
2
< A(k, 1, )W, (m)W,(n) VA E A/ BIA (Le)= Ay () =y ()~ (=)t

We now choose A = p(y,,,)/2(1 + &)t = p/4(1+&)t, and w such that
w(y,) — ¥(y,) = p, which is compatible with the condition |Vy| < 1.
Then we have

Ak 25 — P /a(15e)t—v(1—
1050,y » v)l < A(K, 1, &)W, () Wy (m)e?P VTP 1M w10l
We choose 5 = (10(1+ /iz/t))_1 , and get
k N N — 5 j4(1+e)t—p(1—
16/ q,(v,, ¥ < Ak, t, )W (B, p, OW(B,, p, t)e 7 /4=,
where we have set
W(B, R, t) = (1 +vr)>COVEIy o+ R )™

for B=B(x,r), R>1,and 7= inf{t,rz}. If k =0, we can take
¢ =0, and obtain

) P ~2
qt(yl » Vo) SW(B,, p, W(B,, p, t)exp(—vt — p" /4t
<1+ V(ll + 12))1+n/2eC(I+VK1t1+VK2t2)(V1 Vz)_1/2

x (14 §2 /)" exp(—vt — §°/41).
Also, if v =0, we take & = (10(1 + °/1))”" and get
16/ 0,0, )| < CokIW(B,, 5, )W (By, B, )t (1+ p*/0)" exp(~5"/41).

In any case, we end the proof of Theorem 6.3 by taking &¢ =
(1+ve+ ﬁ2 / t)*1 . It is worth specializing this result to the case of non-
negative Ricci curvature.
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Corollary 6.4. Assume that Q = M and that g has nonnegative Ricci
curvature. Then we have

—1/2 —-1/2
185q,(x, v)| < C.V (x, t/(1+ ﬁz/t)) 1% ( At/ + ,32/1))
x 1“1+ /1) exp(-p*/41)

2
< CV (x, v~V v TP (145710 "  exp (—ﬁ—t) ,
where C, depends on n,c, u, and k.

The estimates given in Theorem 6.3 and Corollary 6.4 have to be com-
pared to the upper bounds given in [28], [13], [14], [15], and [41] for the
case where L = A. Even in this case, the above has only improved slightly
upon previously known results.

As far as space regularity is concerned, it is well known that Holder
regularity is the best that can be expected without quantitative smoothness
assumptions on & and m. When L = A however, the Li-Yau gradient
estimate gives a bound on the first space derivatives of the heat kernel.
Indeed, let Q C M be a fixed open set, and denote by 4, = hQ,z the heat
kernel associated with A and the Dirichlet boundary condition on Q. If
B CQ, wehave on 1B

IVh)P < Ct™' +r 2+ K)B + |9,k |h,

(see [28]), and a Gaussian estimate for the gradient of 4, follows readily
from the preceding results. The best known estimates for higher space
derivatives of the kernel /4, were obtained in [9]. The authors of that paper
remark that, if ]Dk f| is the norm of the kth covariant derivative of f,
then leh,l satisfies a parabolic inequality. Using Theorems 5.6 and 6.3
and the ideas of [9], we obtain the following result which improves upon
[9, Theorem 7, p. 1059]. Let B, = B(x;, r;), i=1,2,betwoballsin A .
Recall that K, is the smallest nonnegatlve number such that Ric > —K, g
on 2B,. We define Kj,l., j>0,i=1,2, to be a bound on the jth
covariant derivatives of the curvature tensor on the ball 2B, .

Theorem 6.5. Let k, k,, €N be fixed, and assume that B,=B(y;,r,)
CcQ, i=1,2. Thenthere exlsts C dependingon n, vy, k, k,, 1, r,r,,
K., ,K,, K, with0<i<k -1, andK withOgjgkz—lsuch
that for all t > 0 we have

D™ Doy, vl < CV Y _l/ztl_k V2Rl () P gy
x (14 vyt +p° /1) eXp(—I/Ot—p /A1),
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where t, = inf{t, r } Vi=Vy,, V&), p=p0. 1), and

vy =inf{(Af, N/If1z, /€ B " (Q)}.

Moreover, when k; =0, 1 we can replace C by

C, (1 + vy, + 1,)) " exp{C' (/K 1, + \/ K 1,)}

where C' depends only on n, but C,, depends on n and k.
The same technique yields similar results for the kernels corresponding
to Neumann boundary conditions.

7. Uniqueness results and Liouville type theorems

Uniqueness questions for the heat equation (9, +A)u = 0 on complete
Riemannian manifolds are by now quite well understood. Uniqueness
on L? with 1 < p < +oc holds without any curvature assumption (see
[38] and [24]). Uniqueness for the positive or L' Cauchy problem holds
under the assumption that the Ricci curvature has a negative quadratic
lower bound. By this we mean that there exists x, € M and C > 0
such that Ric, > —Cy(1+ p(x,, x))zgx for all x € M (see [28] and [24],
and also [6] for a counterexample showing the sharpness of the curvature
condition). Using the Harnack-Moser inequalities of §5 we are going to
show that these results hold as well for equation (12). We start with a very
general result that may be known since its proof follows the same line as
its classical Euclidean counterpart.

Theorem 7.1. Assume that u is a nonnegative subsolution of (12) on
¥, s+ T[xM which satisfies

s+T —29,2 2 —yp’
/ /6’ "lu(t, x)|"dtdv < +00  and lim [le "ule, ), =0
s -

Jor some y > 0, where p(x) = p(x,, x) for some fixed x,. Then,
u(t,x)=0 forall (t,x)€ls,s+ T[xM.

We refer the reader to [3] and [4] where earlier references are also given.
It is worth noticing with [3] that if % has no lower order terms and
& € Sym(T,,) , then the above holds even without the ellipticity hypoth-
esis g(FX,X)>a '|X |2. What is needed is only & nonnegative and
bounded. Using Theorems 7.1, 5.1, and 5.3, as well as (3), we easily obtain

Theorem 7.2. Suppose that the Ricci curvature has a negative quadratic
lower bound on M .
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(1) If u is a nonnegative solution of (12) in s, s+ T[xM such that
lim, | u(x,t)=0, then u=0 in]s,s+ T[xM.

(i) Let O < p < 1. If u is a nonnegative subsolution of (12) in
Is, s+ T[xM such that

s+T
/ /]u(t, X)P dtdv < o0
S

and lim,_, |lu(z, )|, =0, then u=0 in Js, s+ T[xM .

From the above theorem, and the general Widder’s theorem in [2], we
obtain

Theorem 7.3. Suppose that the Ricci curvature of g has a negative
quadratic lower bound on M . Let u be a nonnegative solution of (12) in
Is, s+ T[xM . Then there exists a unique nonnegative Borel measure &
such that u= QM)sé.

We refer the reader to [2] for results on uniqueness of isolated singular-
ities. Other results in [4] can be adapted to our setting. As an application
of Theorem 7.2, we also obtain that, under the current curvature hypoth-
esis, and if 22 =0 and b =0, then [, q,,(¢, x,s,y)dv(y) =1 for all
t>s and x € M. When the coefficients of .%° are independent of ¢ and
the Ricci curvature is bounded below on M , we can apply the method of
[22] to obtain another proof of the uniqueness of the nonnegative Cauchy
problem. Moreover, in this case we obtain that the minimal nonnegative
solutions u# of (12)in ]— oo, T[xM are of the form u = ¢"w , where w
is a minimal nonnegative solution of Zw = Aw (see [22]).

Another question of interest is whether or not Q,, ((%,(M)) C & (M),
where (M) is the class of continuous functions that tend to 0 at infinity
(see [45], [6], [25]). It follows from Corollary 5.5, Theorem 6.1, and the
volume estimate (3) that we have Q,, (% (M)) C %, (M), when the Ricci
curvature of g admits a negative quadratic lower bound on M .

We now pass to Liouville type properties. We consider an operator L
defined by (8) (i.e., with no lower order terms), where &/ is independent
of ¢, and m and &/ satisfy the ellipticity hypotheses (10) and (9). We
say that u is L-harmonic when Lu = 0. An immediate consequence of
Theorem 5.3 and Corollary 5.4 is the following generalization of a theorem
of Yau (see [43]).

Theorem 7.4. Assume that (M, g) has nonnegative Ricci curvature.
Then, any L-harmonic function which is bounded below is constant. More-
over, there exists a constant y, 0 <y < 1, dependingonlyon n, o, and u,
such that any L-harmonic function satisfying limr_»o(r'y sup B(xo,,){|u|}) =
0 for some fixed x,, is constant.
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In [30], Lyons gave examples showing that, in general, Liouville’s prop-
erties are not stable under quasi-isometric changes of metrics. However,
the above theorem, as well as the rest of this paper, shows that many results
are stable under such changes of metric when we start out with a lower
bound hypothesis on the Ricci curvature.

We conclude this section by noting that the work [26] of Li and Schoen,
where they study the triviality of the nonnegative L-subharmonic func-
tions which belong to L” for some 0 < p < +oc, can be extended to
the present setting. For instance, following [24] and [26], one can show
that any nonnegative L-subharmonic function that belongs to L' is con-
stant under the hypothesis that the Ricci curvature of g admits a negative
quadratic lower bound. In [17], it is shown that the space of bounded
(A-) harmonic functions is of finite dimension when (M, g) has nonneg-
ative Ricci curvature outside a compact set. It seems safe to conjecture that
this result is also stable and holds for L-harmonic functions. Moreover,
the dimension of the space of bounded L-harmonic functions should not
depend on L. However, we have not been able to answer these questions.

8. Functions of the Laplace operator

In [8] and [39] the finite propagation speed for the wave equation
(E)t2 + A)u = 0 is used to obtain estimates on the kernel of some func-
tions of the Laplace operator. One of the other tools used in these papers
is Moser’s iteration. Following the arguments in [8] and [39], and using
Theorem 5.1, we obtain some new results that improve upon or comple-
ment those of [8] and [39].

Consider an operator L = L, . as in (8), where &/ and m satisfy
the usual uniform ellipticity hypotheses (9) and (10). Moreover, assume
that & € Sym(T,,) and is independent of ¢. Denote by E(x, r) the ball
corresponding to the distance j associated with the metric g(%/ _l-, 2
(see §4). Also, let v = inf{(Lu, um)/(u, um), u € & (M)} be the
bottom of the spectrum of L on L2(M , mdv). All the LP-norms in this
section are taken with respect to the measure mdv (note that it is of very
little importance since m and m~' are bounded). Given a bounded real
function, denote by k, the kernel of the operator F = f(vL —v) which

is defined on L2(M , mduv) by spectral theory. When f is even, we can
write

F= \/%_n/_:of(s)cos(S\/L— v)ds,
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where f is the Fourier transform of f. Hence, using the finite propaga-
tion speed property of the equation (8,2 + L)u = 0, for any function u
with support in Q; C M, and any Q, C M such that 5(Q,, Q,) = R
(see [8, Corollary 1.2]), we have

k i V2 % A2k+2D)
L =) FL=0)ul g, < Sl g, [ 1701
Following [8] and [39], we now introduce the class % (¢, b, B) of even
functions f such that

O < Ck/volsl),  k>0,1s1> 8,

where b €10, +oo[, B € [0, +oo[, and the integrable function ¢: [0, +oof
— [0, +oo[ are fixed. We set w(r) = fr°° p(s)ds. Arguing as in [8], we
obtain (compare to §2 and Theorem 3.1 of [8])

Theorem 8.1. Fix 0 < d < 1 and f € F(p,b,B). Let B, =

B(x,,r), i=1,2, betwo balls with riga_lb and R:ﬁ(El,Ez)zﬁ'.

i’

Then the kernel k, satisfies

1/2.,—1/2

k@1, I < CKy, v, r)CKy, v, )V "V, "w(R),  y,€0B,

1
Moreover, there exists y, 0 <y < 1, such that

2 2
k(2,5 23) = k (v, yy)| < S FEFrERID Y 22y 212y, ()
where p = max{p(yl > Z1)/r1 > ,D(_V2 > 22)/72}, Y, 2, € 551 .
For instance, the above theorem yields rather sharp estimates on the

kernels ¢, , of the semigroup @, , = e 'k , where ¢ = 1,2,--- is

a fixed integer. Indeed, set f (1) = exp(—A%°), A € R. Then, there
exist two positive constants a and b such that f € # (¢, , b, 0), where
p,(s) = exp(—asza/ (2"—1)) (see [20, Chapter 4]). Hence, we obtain

Corollary 8.2. Assume that (M, g) has nonnegative Ricci curvature,
tL’

and fix an integer 0 = 1,2, --- . Then the kernel q, , of e satisfies
k ’ L 1 L L . p _20 _
18, q, (X, MI<CV(x,t20) 2V (y,120) 2t "exp |~ | —— | @~V
’ C,t2
forall x,y e M, t >0, and any fixed k =0,1,---, where, C, and

C,: are constants which depend only on n, o, i, o, and k. In particular,

we have ||8tkqa (x5 < Ct™® for t >0 and x € M, which shows
that the semigroup e is a bounded analytic semigroup on L? for all

pe[l, +oof.
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We now turn to some results concerning the Lf-continuity of F and the
L?-spectrum of L under a global curvature hypotheses on A/ . Namely,
we assume that —K is a lower bound for the Ricci curvature of g on M
(K > 0). Moreover, we introduce the parameter A, associated with &,
and defined as the smallest nonnegative number such that

(14)  V, (x,n/V,(x,ry<C@/rYe, 0<r<r,xeM,

for some C,y > 0, where V ,(x,r) = U(ﬁ(x, r)). The parameter
A plays an important role in what follows. Remark that, if we denote
Ao to be the parameter associated with &/ = Id, the ellipticity of &/
implies a—lllo < A < aldy. Moreover, the volume estimate (2) shows
that A, < /(n — 1)K . In other words, (14) is always satisfied for some
A < ay/(n—1)K. We also notice, as in [39], that A is related to the bot-
tom of the spectrum of L by the inequality v < A /4 which is obtained
by considering the test functions e ?? with B/ 4/2. Following [39],
we introduce the classes of functions 5”; = Upso& (e—WS, b,0) and
5”;# C 5”; which is the set of even smooth functions f on {|Im(z)| <
W} C C, holomorphic in {|Im(z) < W}, and satisfying |f(z)| < ce 1!
on {|Im(z)| < W} for some c, b >0 (see [39, Lemma 5.5]).

Theorem 8.3. Suppose that the Ricci curvature is bounded below on
(M, g).

() If f €5} with W > 2/2, then F = f(VL—v) is bounded on L”
for 1 <p<+4o0.

(i) If f e S, then F is bounded on L’ provided that W >
[1/p—1/2|2 and 1 <p < +0.

Corollary 8.4. Suppose that the Ricci curvature is bounded below on
(M, g). Then, the L?-spectrum of L satisfies

spec,(L) C {y =v—z, |Re(z)| < 1/p—1/212}N{Re(¥) > 4v(p—1)p " }.

In particular, if (M, g) has subexponentional volume growth and satisfies
inf, {V(x, 1)} >0, or if (M, g) has nonnegative Ricci curvature, then
spec,(L) C [0, +oo[ .

Part (ii) of the above theorem follows from (i) by complex interpola-
tion (see [39, Proposition 5.6]). To prove (i) we show that the kernel k;
satisfies ||k (x, )|, = llk (-, x)ll; < C. This can be deduced from the
volume hypothesis (14), Theorem 5.1, and the argument in [39, p. 777},
and the corollary can readily follow (see Lemma 5.7 and Theorem 5.8 in
[39]). We refer the reader to [16] and [39] and the references given there
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for examples involving hyperbolic spaces and their quotients which show
the sharpness of Corollary 8.4.

9. Poincaré inequalities

In this section, we discuss the proof of Theorem 3.2 as well as some
related results. We start by recalling the following simple result which is
proved in [26].

Theorem 9.1. Given | < p < +oc, there exists C, depending only on
n and p, such that for any ball B satisfying B # M , we have

111, <O, fe g AR,

When p = 2, the above can be viewed as a lower bound for the first
eigenvalue of the Laplacian with Dirichlet boundary condition in the ball
B.

We now describe some of the results obtained by Buser in [7], which
yield a lower bound for the first nonzero eigenvalue of the Laplacian with
Neumann boundary condition instead. Consider the Cheeger constant
h(B) = inf{v,_,(8QnN B)/v(Q)}, where Q runs over the open subset of
B such that v(Q) < v(B)/2. Itis proved in [7] that there exists a constant
C, depending only of », such that, for all B e M,

(15) h(B) > re CHVED,

The classical Cheeger inequality can be rephrased, in this setting, as
[1r=slav<anm [ [witav,  reE7®),
B B

which, together with (15), gives (6). More generally, it is well known that
[17=faf av <2 h®)™ [ 947 v
B B

forall 1 < p < +oo. A weaker version of (6) (which suffices for the
purpose of this paper) can be obtained by using two-sided estimates on
the heat kernel with Neumann boundary condition on balls and the idea
of Kusuoka-Stroock {23, p. 435]. As explained before, we need to prove
a weighted version of the Buser inequality. Fix a nonincreasing function
¢: [0, +oo[— [0, 1] such that ¢(¢) =0 for ¢ > 1, and which satisfies

o(t+(1-10)/2) = Bo(1), 1/2<1<1,

for some g > 0. Also, we set ®, = ¢(p(x,-)/r) for B = B(x,r).
Examples of functions ¢ satisfying the above conditions are ¢ = 1 on
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[0,1],0or p =1 on [0,4d], ()= (1 —-1)/(1 -3J) on 1J, 1], as well as
@', where ¢ satisfies the above conditions and y > 0.

Theorem 9.2. Given 1 < p < +o0, there exist C, depending only on
n, and Cp o depending on n, p, and ¢, such that, for any ball B e M,
we have

(/|f~—f¢|”<bdv)l/p < Cp,wecmrr (/|Vf|”<bdv>l/p , fE€FT(B).

It turns out that Theorem 9.2 can be deduced from (15) by adapting an
argument from [21] which uses a Witney covering of B. The details are
spelled out in [36] in a different setting, and we refer the reader to these
two papers for the proof.

We end this section with the discussion of yet another kind of Poincaré
inequality. Although the result obtained below is not used at all in this
paper, it can be of some independent interest. In view of the preceding,
it is tempting to ask for which nice, nonnegative, integrable function
does Cw exist such that

[ir-svavse, [wtvao,
fe®°(M)NLA M, ydv),

(16)

where fw = [ fwdv/ [ wdv. One way to study this question is to set
u=f ‘(//1/ 2 and remark that

[1vsvan = (a+ by, ),

where b = 1|VIn vt — 1AIny . The transformation Uf = u is an isom-

etry from LZ(M , wdv) to LZ(M , dv) . Hence, the symmetric, nonneg-
ative operator A+ b admits 0 as an eigenvalue with eigenfunction (//1/ 2,
If we assume that the support of y is connected, O is a simple eigen-
value and our concern is now to prove that there is a gap in the spec-
trum of A+ 5. A way to do this is to obtain a positive lower bound for
the essential spectrum of J + b. By classical arguments (involving some
local Sobolev inequalities), if we assume that b satisfies b € L! and

loc
b_ =max{-b, 0} € L + L™ for some p > n/2, then
ess spec(A + b) = sup{inf{((A + b)u, u)/||u||§ , UE ?j)oo(M\N)}} ,
N

where the sup is taken over all compacts N C M (see [1]).
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We give some specific examples of interest. Let y = e “”) where w

is a smooth function from [0, +oo[ to R, and p = p(x,, ) for some
fixed x, € M . In this case, we have

! 2 "
b= (p)"/4+(@"(p) + @ (p)AP)/2.
If we define K(p) to be such that Ric > —K(p)g on B(x,, p), and

suppose that @'(p) is nonnegative for p large enough, then by a well-
known comparison inequality we obtain

b0 (p)'/4+ (@ " (p) = (n=1)(p™" + (VE)O (p))/2,  p>1.

Thus the above arguments lead to
Theorem 9.3. Fix x, € M and suppose that there exist k, § > 0 such
that
Ric> —k(1+p)Fg
on M. Let-a>0 and vy > 1 be such that either y > 8+1 and a >0, or
y=F+1 and a > \/(n — 1)k . Then, there exists a constant C, depending
on (M, g), x,, a, and y, such that

/ |f—FPe™ dvs<C / VfPe dv, feE®(MINLA(M,e™ dv),

where f = ffe_apy dv/fe_apr dv.
It would be interesting to know how C depends on a and x,, at least
when the Ricci curvature is bounded below. For instance, it should be true

that, if the Ricci curvature is nonnegative, (16) holds for y = e~ % ’ , with
a constant equal to C'a’ , where C’ is independent of x, and a. The
above also raises the following question: Does (16) hold with y = &,(x,, *)
(i.e., the heat kernel) for some fixed 0 < # < +co and x, € M?

10. Sobolev inequalities

In this section, we prove the Sobolev inequalities on balls which are
the main ingredient for most of the results obtained in.this paper. We
also discuss some related inequalities. The proofs rest mainly on the basic
kernel estimates described in §2. We also use abstract semigroup tech-
niques developed by N. Varopoulos in [40]. Namely, we use the following
proposition, which can easily be deduced from [40, Theorem 1].

Proposition 10.1. Let T, = e~ be a symmetric submarkovian semi-
group, and assume that

Nl e < Cot_m/2 , 0<t<t,,
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for some m-> 2. Then, there exists C, depending only on m, such that

1 Wmjmry < Co ™ (CIA 111y + 1521 A1) . fe ™.

Note that, in fact, Varopoulos’s result is that the above two properties
are equivalent (with different constants C,) (see [40] and [42]). We will
also need a more general result. Let {R,, ¢ €]0, +oc[} be a family of
operators acting on the spaces I’ , 1 < p < 40, and consider the operator
R defined formally by

+00 d t
R = R,—.
0 t

a2=m2 0 <t < +oo

Proposition 10.2. Suppose that ||R,||,_,, ., < Cyt
for some fixed 0 < a< m.

() If, forall 1 < q < m/a, there exists C, such that ||R||,_, < tha/z,
0 <t < +oo, then, for all 1 < p < m/a, there exists C, depending on

a, m,p, and the Cq ’s such that

UR M m—amy < CC "IN, fE L.

(i) If IRMl,_,, < C,;t**, 0 <t < +00, then there exists C depending

on a,m, and C, such that
v({IRf] > s}) < (CC™s ™, felLl.

We sketch the proof which is adapted from the arguments in [40]. We
first prove (ii). Let f € L' be such that || f]|, = 1,and write Rf = /" +f;
with /T = [ R ft”'dt, T>0. Then

+oo dt —(m—a)/2
= [ IR S GO,

m—a)/2

Given any fixed s > 0, we choose T such that 5/2 = CC, T . For

that choice of 7", we have

v({IRf1 > sH) <v{IfT>s/20) <2577,
Since

+00
s [ IR < c1,
0

v({|Rf] > s}) < Cs~ T = ' ¢/

which proves (ii). Assertion (i) is obtained by first proving the L’ ver-
sion of (ii), and then applying Marcienkiewicz’s interpolation theorem (see
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[42]). Note that Proposition 10.1 can be deduced from Proposition 10.2
by writing

_ fo fo 1/2 1/2
f=T, /- 8T fdt=T, f+ | A"TA"fdt,
0 0

and setting R, = z%ﬂ(z)A‘/th , where ZO(Z) =1,if 0<t<¢,,and 0
otherwise.

Proof of Theorem 3.1. Fixing a ball B ¢ M, we need to prove the
inequality

C1+VEKr);,~ - 00
(A7) W lgnjnny <€V TRWVAL 4TS, fERTB),

if n> 2 (and with n replacedby n’ > 2 if n<2). Let Hg , be the heat
flow semigroup associated with A and the Dirichlet boundary condition
on B, and let hg,t be its kernel. Then

by (z,9)<h(z,9) <h(z, Db, ),

where £, is the heat kernel on M. By Lemma 2.1, and the volume esti-
mate (2), we obtain

hg Az, )< eC(Hﬁr)V_lr"t_"/z, 0<t<r,
which can be rephrased as
"Hll:,tul—voo SeC(1+\/I?r)V—1rnt—n/2, 0<t< rz.

Thus, (17) follows after applying Proposition 10.1 to Hll:, , ifn<2,

note that (r/v1)" < (r/vI)" forany m >2 and 0 < ¢ < r*). We now
pass to the proof of L’-versions of Theorem 3.1.

Theorem 10.3. If 1 < p < n, then there exists C, depending on n and
p, such that, for any ball B € M, we have

C(1+VKi - — o0
1 Ny < €V AVAL, + 0 UA,) . £ EBT(B).

If p > n, then the above inequality holds with n replaced by any n' > p.
Proof By classical arguments, it is enough to prove the above inequal-
ity for p = 1. Moreover, by the famous co-area formula

+0o0
[roniav= [ o, @s1>shs,
the inequality
1 jnry < CoUIV AN 477 NAL), fEFT(B),
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follows from the apparently weaker estimate

(18) w({|f]>s}) < (Cos UVl +r WA, e &)

Thus, we are left with the task of proving (18) with C, = eCUTVEN =1/n,

To simplify notation, denote by Q, = , the Poisson semigroup associ-
ated with A and the Dirichlet boundary condltlon on 3B (Q, is obtained

from H , by subordination). By the same line of reasoning that we ap-
plied above to the heat semigroup, we obtain

(19) gz, y)<e CUOVENpy—lm=n  o<t<r,
where g, is the kernel of (,, or equivalently
(20) 1O,y < eCHVEN LM o<

For f € &7(B), we have f = [ saszstds -rd.Q,f+Q,f. By interpo-
lation, from (20) we deduce that

1@ Sy mansinry < €W 0 <,

n/(n—1) (

and, by holomorphy of the submarkovian semigroup Q, on L see

[37]), we also have

z“atQt“ 1—n/(n—1) se

Let x be the characteristic function of the ball' B. The above inequality
reduces the proof of (18) to the study of the operator J defined by

Jf=y / za Q,fdt.
More precisely, we need to prove
VR ., —
v({l7f1> s}) < (ST e gy )M
Remark that = s

M A S (P P

+oc

ufl=x [ 10Ardis | _R,lVfl? = RV,
where we have set ' ' -

R f(z) = 1(2) [ IV,4,(z, VxS @)dvy),  0<t<r,
and R, =0 otherwise. Using Cheng-Yau’s estimate (4), we obtain

2DIV,a,(z, X)) < C(" +VE)gz, ),
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and therefore
||Rt||1_,ISC(1+\/_I-(—r)t, 0<t<+00,
which together with (19) implies

< eC(1+\/—IZr) V—lrntl—n

t”l-—»oo — ’

IR 0<t<+oo.

The last two estimates allow us to use Proposition 10.2 to get
v({RIVS] > 5}) < RV g /50,

This is the desired example, and ends the proof of Theorem 10.3. g.e.d.
With the help of the relevant Poincaré estimates from §9, the above
theorem yields :
Theorem 104. If 1 < p < n, then there exists C, depending only on
n and p, such that, for 0 < d <1 and any ball B € M, we have

_ VvEry — oo
1f = fally 58 < (1 =8 YN v gy 5, fe®T(B),
where q = np/(n—p). When B # M, we also have
VEr)y,— o
1A, < eSEIVTm v, £ eBRLB).

If p > n, then the above inequality holds with n replaced by any fixed
n>p. ‘ '

Note that, when p = 1, the inequalities of Theorems 10.3 and 10.4
are equivalent to some isoperimetric inequalities. These results can be
complemented when p > n. We introduce the notation

A, 5(f) =sup{lf(x) = fO)/p(x, ), x,y €BY, A=A, .

Theorem 10.5. Let p > n andset y =1~ n/p. Then there exists C,
depending on n and p, such that, for all B c M, we have

VEr) 1, — - oo
A(f) <SRRG A+ ALY, fEFTB).
For 0 < < 1, we also have ’
A, s5(N) < (=) VR lbyg ey L feE7(B),
andifB;éM,then‘ ,
AN <SRG p) L fe BB,

Proof Fix B = B(x,r) C M and f € % °(B). We are going to
estimate Ay(f) by VS|, and || f]|, forafixed p>n and y=1-n/p.
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Using the notation of the proof of Theorem 10.3, we write for y,z € B
and O<t<r, '

12 =101 <2 [ 10,011, 5 ds +10./(2) - Q0]

The first term of the right-hand side of the above inequality can be esti-
mated as follows:

)
. |
10,0, /110 5 < / 1820, fll,y pds+ 18,8, f N 5» O<s<F.
5
By the arguments of the preceding proof, we obtain
2 -2 1 -1-
1870, Moo 5 < S URIVS Iy 5 < CK, 1)) 1),
where C(K, r) = eC*VEI Y117 We also have
1/p —1—
18,0, /N0 5 < CK, ' Pr "2 11,
and therefore
t .
1 1— -1-
| 10,011 pds < CK, PGP A, 4 71

We now look at |Q,f(z) — Q,f/(»)|, and set B' = 3B C 3B and p =
p(z,y). Since z,y € B, we have
1@, f(2) = QS I < CPIVQ Sl &
and ,
vQ,f = / (s - 1)22VQ, fds+(t -1 VQ,f +VQ.f.
t
Repeatedly using Cheng-Yau’s estimate (4) yields
- 2
IV, V,q,(x,, x,)| < C(s ! + \/I?) q.(x; > X,)
and 1 5
19,V,4,(x,, %,)| < C(s™" +VE) 4,(x,, x,)

for 0 <s <rand x;,x, € B'. To see this, we apply (4) to show that
there exists C for which

w(s, &) =9,4,&, )+ C™ +VE)g,(&, )
is a positive solution of (—852 +A)w =0 in ]7/2, 37/2[x %B ,0<t<r,
and apply (4) again. This proves the second of the above estimates, and

the first can be obtained by a similar argument. Following the arguments
of the proof of Theorem 10.3 again, we write

0190, 1(x) = [ V,,(V,0,(x,, %), V) dvixy),
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so that
l/p, —n/p —1l-n/p
VO Moo, < C&K, )PP IV AL, + 7 7 1IA1,)-

Summing up the above estimates, we get
1f(2) = FO) < CK, NP (@ 7+ pr A, + e+ o) TS,

which yields |/(z) = f¥)| < p' " C(K, )" (V1] + "1 1|,) for ¢ =
p < r. With the help of the relevant Poincaré inequalities, we end the
proof of Theorem 10.5.

Finally, in the limit case p = », arguments similar to the above ones
allow us to deduce the following result from an abstract semigroup theorem
of Lohoué (see [29], Theorem 1]).

Theorem 10.6. There exist two constants C and C', depending only
on n, such that, for all B C M and all open Q C B, we have

v ! nf(n~1) ’ 00
/{e(lfl/ﬁ(ll i 1)) ~1}dv < C'u(Q), feE™(Q),

where B =eC(1+\/I?r)V—1/n

—8)|f- njn—1) ' 0o
/ (USRI " gy < Cy(Q), [ e ZTQ).
éB

r. Moreover, for 0 < < 1, we have

If B# M, then, for all open Q C 1B,
nf(n—1) , 0o
/{e(lfl/ﬂIIVfll,,) du<Cu(Q), [eBEXQ.

When M is compact, or when M is noncompact, but f is compactly
supported in a ball B, Theorems 10.4, 10.5, and 10.6 give rather sharp
results. In constrast, the statements obtained for functions which are not
supported in B are not as sharp; they involve the parameter J and the
smaller ball dB. As indicated in §3, the correct result should be the in-
equality (7) and, more generally, for 1 <p <=n,

@Y NS = Lalwpynry. 5 < VTS, . S EFTB),

as well as similar statements corresponding to Theorems 10.5 and 10.6. It
is worth noticing that, by Proposition 10.1 and the remark following it,
(7) is equivalent to the kernel estimate

C'(1+\/I?r)V—1 n,—n

N
Wy gllg 00 <€ Mt 0<t<+oo,

where hg , is the kernel associated with Neumann boundary condition

N

p , are interior estimates

on B. In general, the available estimates on 4
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and hold only inside B for fixed § < 1. Hence, these estimates are
not strong enough to prove (7) or (21). However, under the additional
hypothesis that B has convex boundary, the gradient estimate of Li and
Yau extends up to the boundary (see [28, Theorem 1.4]). It follows that,
under this convexity hypothesis, the inequalities (7) and (21) hold, and the
corfesponding statements in Theorems 10.5 and 10.6 can be sharpened as
well.
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